Abstract. Une variété abélienne définie sur un corps algébriquement clos de caractéristique positive est supersingulière si elle est isogèneà un produit de courbes elliptiques supersingulières et est superspéciale si elle est isomorpheà un produit de courbes elliptiques supersingulières. Dans cet article, la condition d'être superspéciale est généralisée en définissant le rang superspécial d'une variété abélienne, qui est un invariant de son module de Dieudonné. Les principaux résultats de cet article concernent le rang superspécial des variétés abéliennes et des jacobiennes de courbes supersingulières. Il s'avère par exemple que le rang superspécial donne des informations sur la décomposition d'une variété abélienne supersingulièreà isomorphisme près; plus précisément celuici estégal au nombre maximal de courbes elliptiques supersingulières apparaissant dans une telle décomposition.
Introduction
If A is a principally polarized abelian variety of dimension g defined over an algebraically closed field k of positive characteristic p, then the multiplication-by-p morphism [p] = V •F is inseparable. Typically, A is ordinary in that the Verschiebung morphism V is separable, a condition equivalent to the p-torsion group scheme of A being isomorphic to (Z/p ⊕ µ p ) g , or the number of p-torsion points of A being p g , or the only slopes of the p-divisible group of A being 0 and 1.
Yet the abelian varieties which capture great interest are those which are as far from being ordinary as possible. In dimension g = 1, an elliptic curve is supersingular if it has no points of order p, if the only slope of its p-divisible group is 1 2 ; or if its p-torsion group scheme is isomorphic to the unique local-local BT 1 group scheme of rank p 2 , which we denote by I 1,1 .
These characterizations are different for an abelian variety A of higher dimension g. One says that A has p-rank 0 when A has no points of order p; that A is supersingular when the only slope of its p-divisible group is 1/2; and that A is superspecial when its p-torsion group scheme is isomorphic to I g 1, 1 . If A is supersingular, then it has p-rank 0, but the converse is false for g ≥ 3. If A is superspecial, then it is supersingular, but the converse is false for g ≥ 2.
The Newton polygon and Ekedahl-Oort type of an abelian variety usually do not determine the decomposition of the abelian variety. In fact, for any prime p and formal isogeny type η other than supersingular, there exists an absolutely simple abelian variety over k having Newton polygon η [14] . On the other hand, consider the following results about supersingular and superspecial abelian varieties. Recall that polarized BT 1 group schemes over k can be classified using Dieudonné modules or Ekedahl-Oort type [25, Theorem 9.4 &12.3] ; this builds on unpublished work of Kraft (without polarization) and [18] (for p ≥ 3). When p = 2, there are complications with the polarization which are resolved in [25, 9.2, 9.5, 12.2].
2.3. Covariant Dieudonné modules. One can describe the group scheme A[p] using (the modulo p reduction of) the covariant Dieudonné module, see e.g., [25, 15.3] . Briefly, consider the noncommutative ring E = k[F, V ] generated by semi-linear operators F and V with the relations
for all λ ∈ k.
The category of finite commutative group schemes over k annihilated by p is equivalent to the category of finite left E-modules. Given a polarized BT 1 group scheme G over k, let D(G) denote the Dieudonné module of G. If G has rank p 2g , then D(G) has dimension 2g as a k-vector space.
If A is the Jacobian of a curve X, then there is an isomorphism of E-modules between the Dieudonné module of Jac(X) [ 
, where α p is the kernel of Frobenius on G a . It is well-known that 0 ≤ f ≤ g and 1 ≤ a + f ≤ g.
2.
5. The Ekedahl-Oort type. As in [25, Sections 5 & 9] , the isomorphism type of a polarized BT 1 group scheme G over k can be encapsulated into combinatorial data. If G is symmetric with rank p 2g , then there is a final filtration N 1 ⊂ N 2 ⊂ · · · ⊂ N 2g of D(G) as a k-vector space which is stable under the action of V and F −1 such that i = dim(N i ), [25, 5.4] .
The Ekedahl-Oort type of G is
The p-rank is max{i | ν i = i} and the a-number equals g−ν g . There is a restriction ν i ≤ ν i+1 ≤ ν i +1 on the Ekedahl-Oort type. There are 2 g Ekedahl-Oort types of length g since all sequences satisfying this restriction occur. By [25, 9.4, 12.3] , there are bijections between (i) Ekedahl-Oort types of length g; (ii) polarized BT 1 group schemes over k of rank p 2g ; and (iii) principal quasi-polarized Dieudonné modules of dimension 2g over k.
Example 2.1. The group scheme I 1,1 . There is a unique BT 1 group scheme of rank p 2 which has p-rank 0, which we denote I 1,1 . It fits in a non-split exact sequence
The structure of the group scheme I 1,1 is uniquely determined over F p by this exact sequence. The image of α p is the kernel of F (Frobenius) and V (Verschiebung). The Dieudonné module of I 1,1 is E/(F +V ). If E is a supersingular elliptic curve, then the p-torsion group scheme E[p] is isomorphic to I 1,1 .
Superspecial rank
Let A be a principally polarized abelian variety defined over an algebraically closed field k of characteristic p > 0.
3.1. Superspecial. First, recall the definition of a superspecial abelian variety.
Definition 3.1. One says that A/k is superspecial if it satisfies the following equivalent conditions:
(1) The a-number of A equals g.
The abelian variety A is isomorphic to the product of g supersingular elliptic curves.
A superspecial abelian variety is defined over F p or over a finite field, but an arbitrary supersingular abelian variety does not need to be defined over a finite field. For every g ∈ N and prime p, the number of superspecial principally polarized abelian varieties of dimension g defined over F p is finite and non-zero.
3.2. Definition of superspecial rank. Recall that the p-torsion group scheme of a supersingular elliptic curve is I 1,1 , the unique local-local BT 1 group scheme of rank p 2 . The Dieudonné module of I 1,1 is E/(F + V ). 
, where B 0 is a local-local polarized BT 1 group scheme of rank p 2(g−f ) . By hypothesis, the Dieudonné module
One can check that M 1 is stable under F and V as follows. Let x ∈ M 1 and y ∈ D 0 . Note that V y and F y are in D 0 . Then
and
Thus F x and V x are in M 1 . Furthermore, M 1 is self-dual since D 0 is self-dual. The restriction of the sympletic form to D 0 (and thus to M 1 ) is perfect. It follows that M 1 is a quasi-polarized Dieudonné module over k of dimension 2(g − f − s). Let B 1 be the polarized BT 1 group scheme over k of rank 
(2) Given integers g, f, a, s such that 0 ≤ s < a < g − f , there exists a principally polarized abelian variety A/k of dimension g with p-rank f , a-number a and superspecial rank s.
Proof.
since the a-number of A is that of B 0 which has rank p 2(g−f ) . The inequality s ≤ a follows from the fact that each factor of I 1,1 has a-number 1. (b) This is true since the only BT 1 group scheme of rank p 2(g−f ) with p-rank 0 and anumber g − f is I of rank p 2g with p-rank f , a-number a and superspecial rank s. Considering
, together with the product polarization, and setting
allows one to reduce to the case of finding a polarized BT 1 group scheme B 1 of rank p 2g 1 with p-rank 0, a-number a 1 and superspecial rank 0. This is possible using unpublished results of Kraft, see also [25, Section 9.8] . Consider the word w in F and V given by
Then w is simple and symmetric with length 2g
. . , z 2g 1 with z 2g 1 +1 = z 1 . As in [25, Section 9.8], the word w defines the structure of a Dieudonné module on ). By definition, this has superspecial rank 0 for g ≥ 2.
It is not difficult to classify the values of the supersingular rank which occur for supersingular abelian varieties. 
Proof.
It is impossible for the superspecial rank to be g − 1 since there are no local-local BT 1 group schemes of rank p 2 other than I 1,1 .
For the reverse implication, recall that there exists a supersingular principally polarized abelian variety A 1 of dimension g − s with a = 1. Its Dieudonné module is E/(F g−s + V g−s ). In particular, s(A 1 ) = 0 as long as s = g − 1. Let E be a supersingular elliptic curve. Then A = E s × A 1 , together with the product polarization, is a supersingular principally polarized abelian variety with dimension g and s(A) = s.
Example 3.7. Suppose A/k is a supersingular principally polarized abelian variety of dimension 3. Then the a-number a = a(A) satisfies 1 ≤ a ≤ 3.
(1) If a = 1, then the Dieudonné module is E/(F 3 + V 3 ) which has superspecial rank s = 0.
where Z is supergeneral of height 4 and a(Z) = 1 [21] , which implies that the superspecial rank is s = 1. (3) If a = 3, then A has superspecial rank s = 3.
Decomposition of abelian varieties
The first result of the section, Theorem 4.2, is that the superspecial rank forces a decomposition of A[p ∞ ] in the case that A is supersingular. Then we define the elliptic rank of an abelian variety A to be the maximum number of elliptic curves appearing in a decomposition of A up to isomorphism. For a supersingular abelian variety A, we prove that the elliptic rank equals the superspecial rank in Corollary 4.6. The main result is that the superspecial rank provides information about the decomposition of M up to isomorphism, specifically the number of factors of M isomorphic to D 1,1 , but only in the case that A is supersingular. 
There is a Dieudonné submodule of M isomorphic to D 
We restrict to the case that A is supersingular for the reason described in Remark 4.1. I would like to thank J. Achter for help with the proof of the following result. 
where E 1 , . . . , E e are elliptic curves, A 1 is an abelian variety of dimension g − e, and ι is an isomorphism of abelian varieties over k.
Here are some properties of the elliptic rank. Proof. If A has p-rank 0, then the elliptic curves E 1 , . . . , E e in a maximal decomposition of A are supersingular. Each supersingular curve in the decomposition contributes a factor of E/(F + V ) to the Dieudonné module. As an immediate application of Proposition 3.6 and Corollary 4.6, one deduces that: Corollary 4.7. For all primes p and g ≥ 2 and 0 ≤ s ≤ g − 2, there exists a supersingular abelian variety of dimension g over k with elliptic rank s.
Superspecial rank of supersingular Jacobians
The superspecial rank of a curve is defined to be that of its Jacobian. In this section, we address the question of which superspecial ranks occur for Jacobians of (supersingular) curves. First, recall that there is a severe restriction on the genus of a superspecial curve. For example, if p = 2, then the genus of a superspecial curve is at most 1. The Hermitian curve X p : y p + y = x p+1 is a superspecial curve realizing the upper bound of Theorem 5.1. Section 5.2 contains a result about the variation in the superspecial rank for a tame cyclic cover of curves. In Section 5.3, we determine the superspecial ranks of all hyperelliptic curves in characteristic 2. It is possible to construct supersingular curves Y in characteristic 2 of arbitrarily large genus having superspecial rank 0 (and thus elliptic rank 0), see Section 5.4. We determine the superspecial rank (and thus the elliptic rank) of the Jacobians of Hermitian and Suzuki curves in Sections 5.5 and 5.6. The end of the paper is about an application of superspecial rank of Jacobians to certain Selmer groups.
Supersingular Jacobians.
Recall that a curve X/F q is supersingular if the Newton polygon of L(X/F q , t) is a line segment of slope 1 2 or, equivalently, if the Jacobian of X is supersingular. One thing to note is that a curve X/F q is supersingular if and only if X is minimal over F q c for some c ∈ N.
Van der Geer and Van der Vlugt proved that there exists a supersingular curve of every genus in characteristic p = 2 [36] . For p ≥ 3, it is unknown if there exists a supersingular curve of every genus. An affirmative answer would follow from a conjecture about deformations of reducible supersingular curves [26, Conjecture 8.5.7] . There are many constructions of supersingular curves having arbitrarily large genus.
In light of Corollary 4.7, one can ask the following question.
Question 5.2. Given p and g ≥ 2 and 0 ≤ s ≤ g − 2, does there exist a smooth curve X over F p of genus g whose Jacobian is supersingular and has elliptic rank s?
The answer to Question 5.2 is yes when g = 2, 3 and s = 0. To see this, recall from the proof of Lemma 3.5 that a generic supersingular principally polarized abelian variety of dimension g has Dieudonné module E/(F g +V g ), which has superspecial rank s = 0. When g = 2, 3, such an abelian variety is the Jacobian of a smooth curve.
One expects the answer to Question 5.2 is yes when g = 3 and s = 1 also. To see this, let E be a supersingular elliptic curve. Let A be a supersingular, non-superspecial abelian surface. The 3-dimensional abelian variety B = A × E is supersingular and has superspecial rank 1. Assuming there is a principal polarization on B which is not the product polarization, then B is the Jacobian of a smooth curve. Proof. The superspecial rank of X (resp. Y ) is the multiplicity of E/(F + V ) in H 1 dR (X) (resp. H 1 dR (Y )). The result follows since there is an inclusion
The next result shows that the superspecial rank does not increase in a cyclic prime-to-p cover of curves under a restriction on the degree. Proof. Since the cover φ is cyclic and prime-to-p, it lifts to a cyclic cover φ * : Y * → X * over the Witt vectors W (k). Let t = deg(φ) and let ζ be a primitive tth root of unity. There is an automorphism τ of Y * of order t such that X * is the quotient of Y * by the group of automorphisms τ .
Consider the algebraic de Rham cohomology group H 1 dR (Y * ), which is a free W (k)-module of rank 2g(Y ). There is an eigenspace decomposition
It follows that F acts on
The trivial eigenspace L 0 is invariant under F and is isomorphic to H 1 dR (X * ). The Dieudonné module E/(F + V ) corresponds to a circle diagram of length 2 as in [3, Section 7] . Thus factors of E/(F + V ) in H 1 dR (Y ) are in bijection with rank 2 indecomposable F -stable submodules U of H 1 dR (Y * ). The hypothesis gcd(t, p 2 − 1) = 1 implies that the orbits of the non-trivial eigenspaces L i under F all have length greater than 2. This means that the only F -stable submodules U of
The number of rank 2 indecomposable F -stable submodules U which are contained in L 0 equals the superspecial rank of Jac(X). The reason for this is that the superspecial rank of Jac(X) equals the number of factors of E/(F + V ) in H 1 dR (X) and these factors are in bijection with rank 2 indecomposable F -stable submodules of H 1 dR (X * ). It follows that the superspecial rank of Jac(Y ) equals that of Jac(X).
Remark 5.5. Without the hypothesis that gcd(t, p 2 − 1) = 1, the proof shows that the difference between the superspecial ranks of Jac(Y ) and Jac(X) is bounded by half the sum of dim(L i ) for 1 ≤ i ≤ t − 1 a non-zero multiple of t/gcd(t, p 2 − 1). This dimension can be computed explicitly in certain cases.
5.3. Superspecial rank of hyperelliptic curves when p = 2. In this section, suppose k is an algebraically closed field of characteristic p = 2. Application 5.6 states that the superspecial rank of a hyperelliptic curve over k with 2-rank 0 is either 0 or 1. More generally, Application 5.8 states that the superspecial rank of a hyperelliptic curve over k with 2-rank r is bounded by 1 + r.
A hyperelliptic curve Y over k is defined by an Artin-Schreier equation
for some non-constant rational function h(x) ∈ k(x). In [7] , the authors determine the structure of the Dieudonné module of all hyperelliptic curves in characteristic 2. A surprising feature is that the Dieudonné module of Jac(Y ) depends only on the orders of the poles of h(x), and not on the location of the poles or otherwise on the coefficients for h(x).
In particular, consider the case that the 2-rank of Y is 0, or equivalently, that h(x) has only one pole. In this case, the Ekedahl-Oort type is [0, 1, 1, 2, 2, . . . , ⌊ Remark 5.7. It is not known exactly which natural numbers g can occur as the genus of a supersingular hyperelliptic curve over F 2 . On one hand, if g = 2 s − 1, then there does not exist a supersingular hyperelliptic curves of genus g over F 2 [30] .
On the other hand, if h(x) = xR(x) for an additive polynomial R(x) of degree 2 s , then Y is supersingular of genus 2 s−1 [35] . If s is even, then Application 5.6 shows that Jac(Y ) has no elliptic curve factors in its decomposition up to isomorphism, even though it decomposes completely into elliptic curves up to isogeny.
More generally, we now determine the superspecial ranks of hyperelliptic curves in characteristic 2 having arbitrary 2-rank. Consider the divisor of poles
By Artin-Schreier theory, one can suppose that d j is odd for all j. Then Jac(Y ) has genus g satisfying 2g + 2 = . These formulae imply that, for a given genus g (and 2-rank r), there is another discrete invariant of a hyperelliptic curve Y /k, namely a partition of 2g + 2 into r + 1 positive even integers d j + 1. In [7] , the authors prove that the Ekedahl-Oort type of Y depends only on this discrete invariant.
Specifically, consider the variable x j := (x − P j ) −1 , which is the inverse of a uniformizer at the branch point P j in P 1 (with x j = x if P j = ∞). Then h(x) has a partial fraction decomposition of the form
where h j (x) ∈ k[x] is a polynomial of degree d j . Let c j = (d j − 1)/2 and note that g = r + r j=0 c j . For 0 ≤ j ≤ r, consider the Artin-Schreier k-curve Y j with affine equation y 2 − y = h j (x). Let E be an ordinary elliptic curve over k.
Then [7, Theorem 1.2] states that the de Rham cohomology of Y decomposes, as a module under the actions of Frobenius F and Verschiebung V , as:
Since E is ordinary, it has superspecial rank 0. The superspecial rank of Jac(Y ) is thus the sum of the superspecial ranks of Jac(Y j ). Applying Application 5.6 to {Y j } r j=0 proves the following. 5.4. Supersingular curves with elliptic rank 0 when p = 2. In this section, we construct supersingular curves Y defined over F 2 of arbitrarily large genus having no elliptic curve factors in their decomposition up to isomorphism over F 2 .
Proposition 5.9. Let r 1 , s 1 ∈ Z ≥0 with s 1 odd. Let q = 2 r 1 +1 . There exists a supersingular curve Y defined over F 2 having genus g = 2 s 1 (q − 1) and elliptic rank 0.
. By [36, Section 3] , the curve Y with equation
is defined over F 2 , has genus g, and is supersingular.
Let z = x 2 r 1 . The extension k(z) ⊂ k(x) is purely inseparable. Let t = 2 s 1 +1 + 1. So the curve Y is isomorphic to the one with equation y q + y = z t .
Let ζ be a tth root of unity. Consider the cyclic action τ (x) = ζx and τ (y) = y which has order t. Let T = τ . The quotient Y /T has genus 0, so the superspecial rank of the quotient is 0. The condition that s 1 is odd is equivalent to 2 s 1 +1 ≡ 2 (mod 3) or 3 ∤ t. By Proposition 5.4, the superspecial rank of Jac(Y ) equals 0 as well. The result follows from Corollary 4.6.
Remark 5.10. If s 1 is even, it is possible to give an upper bound for the elliptic rank of Jac(Y ). Namely, the upper bound is 3 α (3 β − 1)/2 where β = val 3 (j) and α = val 3 (q − 1). We omit the details.
5.5. Hermitian curves. The last results of the paper are about the elliptic rank for two of the three classes of (supersingular) Deligne-Lusztig curves: the Hermitian curves X q for q = p n ; and the Suzuki curves S m for m ∈ N in characteristic 2. In most cases, the elliptic ranks are quite small, which is somewhat surprising since these curves are exceptional from many perspectives.
Let q = p n . The Hermitian curve X q has affine equation
It is supersingular with genus g = q(q − 1)/2. It is maximal over F q 2 because #X q F q 2 = q 3 + 1.
The zeta function of X q is
.
In fact, X q is the unique curve of this genus which is maximal over F q 2 [29] . This was used to prove that X q is the Deligne-Lusztig variety for Aut(X q ) = PGU(3, q) [12, Proposition 3.2] .
By [11, Proposition 14.10] , the a-number of X q is
which equals g when n = 1, equals g/2 when n = 2, and is approximately g/2 for n ≥ 3. In particular, X p n is superspecial if and only if n = 1. In [28] , the authors determine the Dieudonné module D(X q ) for all q, complementing earlier work in [3, 4] . In particular, [28, Theorem 5.13] states that the distinct indecomposable factors of Dieudonné module D(X q ) are in bijection with orbits of Z/(2 n + 1) − {0} under ×2. Each factor's structure is determined by the combinatorics of the orbit, which depends only on n and not on p. The multiplicities of the factors do depend on p. For example, when n = 2, the Dieudonné module of X p 2 is E/(F 2 + V 2 )) g/2 . Note that this has superspecial rank 0. Here is an application of these results.
Application 5.11. The elliptic rank of the Jacobian of the Hermitian curve X p n equals 0 if n is even and equals (
Proof. The Hermitian curve is supersingular so, by Corollary 4.6, the elliptic rank equals the superspecial rank of the Dieudonné module of the (p-torsion of) its Jacobian. Applying [28, Application 6.1], the factor E/(F +V ) occurs in the Dieudonné module if and only if there is an orbit of length 2 in Z/(2 n + 1) under ×2. This happens if and only if there is an element of order three in Z/(2 n + 1), which is true if and only if n is odd. If n is odd, this shows that E/(F + V ) is not a factor of the Dieudonné module. If n is even, the multiplicity of this factor is (
5.6. The Suzuki curves. Let m ∈ N, let q 0 = 2 m , and let q = 2 2m+1 . The Suzuki curve S m is the smooth projective connected curve over F 2 given by the affine equation:
It is supersingular with genus q 0 (q − 1). In fact, S q is the unique F q -optimal curve of genus g [9] . From this, it follows that S q is the Deligne-Lusztig curve for the group Sz(q) = 2 B 2 (q) [12] .
In joint work with Malmskog and Weir, we prove that Application 5.12. The elliptic rank of the Jacobian of the Suzuki curve S m equals 1 when m is even and 0 when m is odd.
Proof. The Suzuki curve S m is supersingular, so its elliptic rank equals its superspecial rank by Corollary 4.6. Let ζ be a (q − 1)st root of unity. Consider the automorphism τ of S m defined by τ (x) = ζx and τ (y) = ζ q 0 +1 y. Then T = τ is a cyclic group of order t = q − 1. Let S m /T be the quotient curve. Since gcd(q − 1, 3) = 1, the superspecial ranks of Jac(S m ) and Jac(S m /T ) are equal by Proposition 5.4. By [10] , the quotient S m /T is a hyperelliptic curve of genus q 0 . The quotient S m /T is supersingular also and thus has p-rank 0. Applying Application 5.6, the superspecial rank s(Jac(S m /T )) of S m /T equals 1 when q 0 ≡ 1( (mod 3)) (m even) and 0 when q 0 ≡ 2( (mod 3)) (m odd).
5.7. The Ree curves. Let p = 3. For m ∈ N, let q 0 = 3 m and q = 3 2m+1 . Consider the Ree curve R m , which is the smooth projective connected curve over F 3 given by the affine equations:
. It is supersingular with genus 3q 0 (q − 1)(q + q 0 + 1)/2. The Ree curve is the Deligne-Lusztig variety for the group 2 G 2 (q) ′ [13] .
Much less is known about the Ree curves than for the Suzuki curves. For example, the anumbers of the Ree curves are not known, although there is a conjectural value for the a-number of the quotient y q 1 − y 1 = x q 0 (x q − x) which has been verified for m = 1, 2 [5] . Question 5.13. For m ∈ N, what is the elliptic rank of the Ree curve R m ? 5.8. Application of superspecial rank to Selmer groups. Here is a final motivation for studying the superspecial rank of Jacobians. The superspecial rank equals the rank of the Selmer group associated with a particular isogeny of function fields in positive characteristic. Let K be the function field of a smooth projective connected curve over k and let v be a place of K. Let E be a constant supersingular elliptic curve over K. Consider the multiplication-by-p isogeny f = [p] : E → E of abelian varieties over K.
Recall the Tate-Shafarevich group
where
The Selmer group Sel(K, f ) is the subset of elements of H 1 (K, Ker(f )) whose restriction is in the image of Sel(K v , f ) = Im(E(K v ) → H 1 (K v , Ker(f ))), for all v. There is an exact sequence
Here is an earlier result, rephrased using the terminology of this paper, which provides motivation for studying the superspecial rank. 
